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ABSTRACT 


In  this  paper,  we  have  given  Szasz  type,  positive  linear  operator  and  we  have  shown  that,  these  operators  preserve 
convergence  properties  for  n when,  f is  r -convex. 
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INTRODUCTION 

In  1987,  Lupus  [1]  introduced  the  first  (/-analogue  of  Bernstein  operators,  after  that,  Phillips  [2]  introduced 
another  (/-generalization  of  the  classical  Bernstein  polynomials,  later,  many  generalizations  of  positive  linear  operators, 
based  on  (/-integers  were  introduced  and  studied  by  several  authors.  Some  are  in  [3-5],  Bleimann  et  al.  [6],  Proposed  a 
sequence  of  positive  linear  operators  Ln  defined  by 

L"  = (dh)  CD  **  V x > 0,  n £ N (1) 

for  / £ C [0,  oo),  where  C [0,  oo)  denote  the  space  of  all  continuous  and  real  valued  functions,  defined  in  [0,  oo). 

Also  the  authors  proved  that,  Ln  (/;  x)  — > (x)  as  n — > oo  point  wise  on  [0,oo)  for  any  / £ Cb  [0,oo), where 

/ £ Cb  [0,  oo)  denote  the  space  of  all  bounded  functions  from  C [0,  oo). 

Now,  we  recall  some  notations  from  (/-analysis,  the  (/-integer  [n]  and  the  (/-factorial  [n]!  are  defined  by, 

(i-qn  . , 

[n]:  = [n]  q=  i-<?  q For  n £ N,  [0] ! = 0,  (2) 

( n q — 1 

[n]!  ;=  pV2]q W?,  n = 1’2> n 6 n,  [0]!  = 1 where  q>  0 (3) 

1 1 n = 0 


for  integers  n > r > 0 the  q-  binomial  coefficient  is  defined  as 
rni  [n]q ! 

\-r\q  [r]q  ![n-r]q  ! 


Aral  and  Dogru  [10]  constructed  the  (/-Bleimann,  Butzer  and  Hahn  operators  as 


qtlt~1V2  El 


Where  In  (x)  = fls-o  (1  + (fx  ) 


and  / is  defined  on  the  semi  axis  [0,co). 


(4) 


(5) 
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In  [9],  the  authors  introduced  a new  generalization  of  Bernstein  polynomials,  denoted  by  Bxn  and  defined  as, 
f?Tn(f;x)  = ZU  © (/ot-1)/  g)  (1  - x(x))"-fc  x(x)fc 

Where  is  the  nth  Bernstein  polynomial,  / £ [0,  1],  x £ [0,  1] 
r is  a function  defined  on  [0,  1]  and  having  the  properties: 
t isoo-times  continuously  differentiable  on  [0,  1], 
t(0)  = 0,t(1)=1  and  x’(x)  > 0 on  [0,  1], 

These  conditions  ensure  that,  r is  strictly  increasing  and  the  inverse  r 1 of  z exists  on  [0,  1], 

We  recall  by  [1 1]  some  usual  notations  and  definitions,  which  are  essential  for  our  work. 

For  x = (X|_  x2)  £ R2,  k = (kj,  k2)  £ N02 and  n£N 

we  will  write  Ixl  :=  X|  + x%  xk  :=  xa  x1 , Ikl  :=  k\  + k%  k!:=  k\\k2\ 

Now  we  define,  a new  generalization  of  q-Bleimann,  Butzer,  and  Hahn  operators  for  / £ [0,  oo)  by  [12] 


Ln,q  (f;  X(y))  = <?fc(k-1)/2  \l]  T(y) 


Where  En  (y)  = FI?=01(1  + ) 

and  r is  a function,  that  is  continuously  differentiable  of  infinite  order  on,  [0,  oo  )such  that  r(0)  = 0,  r(l)  = 1,  and 

infxe[ 0,®)  t(x)  > 1 


We  define  new  positive  operator  / £ [0,  oo),  from  above  work 

S„,  (f;  t(x))  = YU  ( /or-1)  g) 

and  r is  a function  that  is  continuously  differentiable  of  infinite  order  on  [0,  oo  )such  that  r(0)  = 0,  r(l)  = 1,  and 
infxe[ o,oo)  r\x)  > 1 


Definition  1 

Let  f,  be  a real  valued  function  continuous  defined  on,  D £ R2  and  letr,  be  a function  satisfying  the 
conditions  (rx)  and  (r2) . 

We  say  that,  f is  a Lipchitz  continuous  function  of  order  on  D,  if 
lf(x)  — f (y)  I < I £2=1 1 T Oi)  - T(y;)|  M 


Definition  2 

A continuous  real  valued  function  f,  is  said  to  be  convex  in  D £ [0,  oo),  if 
f(£™i  °L  xt)  < f(x{) 


for  every  x1x2  xm  £ D and  for  every  non  negative  number  of  a1a2...am  £ D such  that,  0^+012+  +am  — 1 
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MAIN  RESULTS 

Theorem:  - Let  r —convex  function  defined  on  S.  Then  Sn  (f;  t(x))  is  monotonically  non  -increasing  in  n. 
Proof:  Let  x,  y £ S and  x < y which  means  that  x1  < yx  and  x2  < y2  . Using  of  the  operators  s*  and 
From  the  definition  Sn  (f;  x(x)),  We  have 

Sn,  (f;  T(x))  = e“nT(x)  2£=o  ©f  C Z07'1)  © 

Sn,  (f;  T(x))  = E£1=o  2k©  e— «(x(x))k  f©  fox-1)  0) 

= 2£1=0  2k©  (l(T(x)l  + l - |x(x)|)(x(x))k  fox-1)  0)  e-"l<x)l 

= 2£1=0  2k©  x(x!))kl+1  x(x2))k2  ^(fox-1)  0) 

+ H1=oC(x(xi))kl  (x(xz))k2+1  if  (fox-1)© 

+ SU1=o  2k©  (x(x))k  (©  ( fox-1)  © 

Let  S,  = EJJ1=0  Sk©  x(x1))kl+1  x(x2))k2  fox-1)  © 

52  = 2k,  =0  Sk5(x(x1))kl  (X(x2))k2+1  ^(fox-)©  e-nl^)-^l 

53  = 2£1=0  2k©  «x))k  ( fox-1)  © e-KMI 

Since, 

Sr  = 2£1=0  2k©  x(Xl))k^+1  x(x2))k2  (f  ( fox-1)  © e-"'^^-^2)' 

= Sg1=0  2k©  x(Xl))k^+1  x(x2))k2  ((f)  fCx-1  ©)  .x-1  ©)  ) 

+ (x(x1))n+1  f (x-1(l).x-1(0))  e-n|T{Xl)-T(X2)l 
= 2£1=0  2k©  x(Xl))kl+1  x(x2))k2  ((f)  fCx-1  ©)  .x-1  ©)  ) 

+ 2U1=o  x(xi))ki+1  (f©  f(x_1  (©))  ■x-1(0))e-n^l 


+ (x(x1))n+1  f (x-1(l).x-1(0))  e-nlT(x^l 

=2£©  2k©'1  x(Xl))kl+1  x(x2))k2  (f  fCx-1  ©)  .X-1  ©)e-nl^)-^2)l) 
+ 2k©  x(x1))k^+1x(x2))n-k1  (^)f(x-1©)  ■x-1(©i)e-n|T(Xl)-T(X2)l 
+ 25©  x(Xl))kl+1  ((f)  ftx-1  ©)  .^((O)  )e-nl^)l 
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g— n|i(x)| 


e— n|T(x)| 


+ (x(xi))n+1f(T-1(l).T-1(0))  e-n|T(Xl)l 

=sgr=i  z£=ki  <x))k  D f(T_1  ((D1))  -1'1  ((D) e_n|lCx)l 

+ Zg1=1  x(x1))k1i(x2))n-k1+1  (^f)  fCx-1  (^)  .x-1  ((^D)  ) 

+ H,=o  T(xi))kl  ^fCx-1  f^)  .x-1((0))e-n^)l 

+(x(x1))n+1f(x-1(l).x_1(0)) 

Since  x_1(l)  = 1,  x_1(0)  = 0 

Si = ^:=\  x(x))k  D f(*_1  ((D1))  ■ ^ ((D) e_n|T(x)l 

+Z£1=i  x(x1))k1x(x2))"-k1+1  (^)  fCx-1  (D1)  ■ ^ ((Dr11)  ) e-n|T(Xl)-l(X2)l 

+ Zg1=o  xCXi))^  Df(T_1  (DD  T_1(C°)  )e-n'T(xi)l+  +(x(x1))n+1  f (1,0)  e-nlT(xi)l 


Similarly, 


-n|x(x)| 


s,  =rk;i,  C,k!  i«)k  ^ f(.-‘  (©) ((fci)) 

+ EE..1  i(x,))k‘l(*2))”-1«*1  (£f)  f(T-‘  f!yj  ,t-‘  (f^)  ) 

+ Z£1=1  x(x2))k2  ^“f(‘ x_1(0)>x_1  (DD)  )e-n|T(X2)l  + (x(Xl))n+1  f (0,1)  e- 


n|-r(xi)| 


S3  = Z£=i  <x))k  D f(T_1 


— n|x(x)| 


+ Zk1=1  x(Xl))kix(x2))n-ki+1  (^-)  f(T_1  (D , 0 )e-"Wxi)-<x2)l 


+ Ik1=0T(x2))k2  ^-fCx-HO.x  1 (D  e_n|T(X2)l  + f (0,0)  e_n|T(x)l 
Therefore,  we  have 

s„<t «) = xe:.1,  xE;„k;  >wik  ^ (Pr1))  ■ ((?)) 

+ XE,=i  t(x1))k>t(x2))"-ki+>  (2^)  f(T-»  f';')  .t-i  ((^±lli)  Je-.l*. )-*,)! 

+ Zk1=0  x(xi))kl  Df(T_1  (D1)  -^(C0)  ) e-n|T(Xl)l  + (x(Xl))n+1  f (1,0)  e-n'l(xi)l 

+X&S:-k!  'W)k  xr  «'“((x))  ■'“((xr)) 

+ EE..,  i(xi))kii(x2))n_ki+l  f(i-‘  .T-1  ((^) 


+ Ik1=1  T(x2))k2  fgfcr'mr'  (D1)  )e-n|T(x2)l  + (x(x1))n+1  f (0,1)  e-nll(xi)l 
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1 / { p-n|x(x)| 


+5K 

+ Sk,  = l l(Xl))klT(x2))n-kl  + 1 (^f)  f (l-‘  (7)  , 0 ) e— nlTCxl)— vCx2)l 
+ Zk1=0  T(x2))k2  ^fC.T-'CO),!-1  (J)  e-n'T(x2)l  + f (0,0)  e-nll(x)l 


+ 


Similarly, 

S„+i(f;  x(x))  =J%±o  ZSokl  e-("+1>«(x(x))k  ^ ( fox-1)  (^) 

= a+  S3  '«)k  ®if  f('-'  (&))  (Ctt)) 

+ Sk,=i  x(x1))klx(x2))n_kl+1  (^£)  f(x— 1 (^)  .x-1  (p1^)  ) e-n|T(xi)-T(x2)l 
+ S1=o  T(x,))kl  M^fCx-1  (^)  . x_1((0)  ) e-^l  + (x(Xl))"+1  f (1,0)  e-n'<x^l 

+ Sk2=o  ^(x2))k2  ^^^fCx-'COXx-1  (-^-)  e— nlT(x2)l  + (i(x2))n+1  f (0,1)+  f (0,0)  e-n'T(x)l 
Thus,  we  can  write 

S„(f;  t(x))  — Sn+](f;  Tfx|j  = H+  t(x))1  e-K*»  { ( f(f'  ((+))  . r'  ((&)))  + 

*<"■  (&))  --  (&)) + a,-.  ( c£>  *r'  (7)  (m ) 

£ «*-'(©)  ■'-'((=?))--  --'(m)) 

(x1))t|t(xj))"-li-He""l'hl)_'ta>l  +H,,»  x(x,3)k'  (irf(rl  (7)  .T-,((0))e-*l*l>l 

) f(T_1  (“)  »°  ) e-n|l(xi)-T(x2)l  Zk2=i  x(x2))k2  {^f(.x-1(0),x-1  (^)  ) 

^ff.x-^OXx-1  (7)  -^fCx-’COXx-'  (^)}e-nWx2)l  } 


+ 


(n+l))k 


+ 


(n)k- 

k! 


+ 


2.1 


2.2 


+ {f(l,0)-f(l,0)}e_n|x(xi)l  (x(x1))n+1  + {f  (0,1)  — f (0,1)  } (x(x1))n+1  {f  (0,0)  f (0,0)}  e-n|T(x)l 
S-(f;  x(x))  -S„+/(f;  x(x))  = 2^J0  Sk2“=2okl  x(x1))x(x2))x(x))k  e-^  { ^ (fox-1) 

+ ^(f0T-i)  ^ (fox-i)  fki+ijk2+i\  _^!(foT-i)  A1+1  !*+i\} 

+ Sri0x(x1))x(x2)){(fox-1)  + (fox-1)  _ (fox-1)  (^,^)}x(xl))klT(xl))"-k1-1 

+ Sr=0<X1)){(fox-1)  (7-°)  + (fox"1)  (^,0)  - (fox"1)  (^,0)}x(x!))kl  +Sk7=0T(X2))KfoT“1)  (0-7) 


(fox-i)  (0,^)  _ (foT-i)  (0,^)}x(x2))k2 


+ 

2.3 
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Now  set, 

I :=  (fox-i)  (^L, Ml)  + (fox-1)  + ^ (fox-1)  f1^)-  ^ (fox'1)  ) 

k!  \nn/k!  Vnn/k!  Vn  n / k!  Vn+1  n+1/ 

,s:=  (f0l-,)  £.!*)  + (for-)  - (*>,-) 

I3:=  {(fox-1)  g.o)  + (fox-1)  (^,o)  - (fox-1)  g£,o) 


3:=  (fox'1)  (0>)  + (fox'1)  (0,^±i)  - (fox’1)  (0.S£) 


We  firstly  consider  Tb  let 

ki  + l k2  + l , „ n — |k|  — 1 

oq  = - — > 0 , ex:,  = — — > 0 , oq  = — — — > 0 

1 n+l  z n+1  J n+1 

And 

/ki  k2  + l\  /kj  + 1 k2\  ^ki  + 1 k2  + U 

Xi  - [~’^r)’X2  = X3  - 

k i — |—  l ko  “I- 1 

Then  it  is  easily  seen  that,  oq  +oc2  + oq=l  and  oq  x , +oc2  x2  + oq  x3=  (— — , — — ) ■ Thus,  from  the  definition  of 
x - convexity,  it  readily  follows  that  Ij  > 0 

For  I2  , we  set 

kj  + 1 n-kj 

oc,  = > 0 , oq  = > 0 

And 


x =(kA^)>x fk1+i,n=kizi\ 

V n n / Vn  n / 


ki  1 n— ki 

Thus  we  have,  oq  +oc2=l  and  oCj  X]+oq  x2=  (— — — ) . Thus,  from  the  definition  of  x - convexity,  it  readily 


follows  that  I2  > 0 

For  I3  , we  set 


oq=^  >o,cc,  = ^ >0 

1 n+1  — - n+1 


And 


ki  + 1 

Thus,  we  have  oq  +oc2=l  and  oq  X[+oq  x2=  (— — ,0)  . Thus,  from  the  definition  of  x - convexity,  it  readily 
follows  that  I3  > 0 similarly  I4  > 0 . Therefore,  from  (2.3) 

sn(f;  x(x) ) - sn+1  (f;  x(x) ) > 0 

CONCLUSIONS 


We  had  reached  the  desired  result  sn(f;  x(x)  ) > sn+1  (f;  x(x)),  for  all  n 6 N 
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